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Abstract

We consider the cost of estimating an error bound for the computed
solution of a system of linear equations, i.e. estimating the norm of a
matrix inverse. Under some technical assumptions we show that comput-
ing even a coarse error bound for the solution of a triangular system of
equations costs at least as much as testing whether the product of two
matrices is zero. The complexity of the latter problem is in turn con-
jectured to be the same as matrix multiplication, matrix inversion, etc.
Since most error bounds in practical use have much lower complexity,
this means they should sometimes exhibit large errors. In particular, it is
shown that condition estimators that 1) perform at least one operation on
each matrix entry and 2) are asymptotically faster than any zero tester,
must sometimes over or underestimate the inverse norm by a factor of
at least 2δk+τ(n), where n is the dimension of the input matrix, k is the
bitsize, and where either δ ≥ .5 or τ(n) grows faster than any polynomial
in n.

Our results hold for the RAM model with bit complexity, as well as
computations over rational and algebraic numbers, but not real or complex
numbers. Our results also extend to estimating error bounds or condition
numbers for other linear algebra problems such as computing eigenvectors.
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1 Introduction

We consider the cost of computing guaranteed error bounds for computed solu-
tions of linear systems of equations Ax = b. By error we mean a norm ‖x− x̂‖
of the difference between the true solution x and an approximation x̂. Here the
norm ‖ · ‖ may be almost any vector norm; later we will see that the precise
choice of norm does not significantly affect the cost. Let ‖ · ‖ also denote a
consistent matrix norm, i.e. ‖Ax‖ ≤ ‖A‖ · ‖x‖ for all x and A. The error bound
we consider is derived as follows:

‖x− x̂‖ = ‖A−1A(x− x̂)‖
= ‖A−1(b−Ax̂)‖
≤ ‖A−1‖ · ‖b−Ax̂‖

Here r = b−Ax̂ is called the residual, which is easily computed from b, A and x̂.
So the error bound is proportional to ‖A−1‖. Given only ‖r‖ it is known that
the error bound ‖A−1‖ · ‖r‖ is attainable for some choice of x̂. Thus computing
a guaranteed error bound is tantamount to computing ‖A−1‖, which is the
problem we will henceforth consider.
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One often sees the error bound written in the form

‖x− x̂‖
‖x̂‖

≤ ‖A−1‖ · ‖A‖ · ‖b−Ax̂‖
‖A‖ · ‖x̂‖

≡ κ(A) · ‖b−Ax̂‖
‖A‖ · ‖x̂‖

where ‖x−x̂‖‖x̂‖ is the relative error in x̂ and κ(A) = ‖A−1‖ · ‖A‖ is called the
condition number of A. Thus κ(A) can also be used to compute error bounds,
and estimating κ(A) is usually called condition estimation.

It is hardly ever necessary to compute ‖A−1‖ exactly. Typically one only
wants to know whether ‖x−x̂‖/‖x̂‖ is about 10−6 (i.e. x and x̂ agree to 6 decimal
digits) or 10−15 or 10−1. In other words knowing ‖A−1‖ (or κ(A)) to within
a factor of 10 (and sometimes more) is frequently good enough. Computing
or estimating ‖A‖ is quite cheap for many norms (O(n2) operations), so we
will consider only ‖A−1‖. We want to investigate whether estimating ‖A−1‖ to
within a factor of 10 (or n2 or 2n or more) makes the problem any cheaper. We
would also like to know if restricting A to be triangular (in which case solving
Ax = b is much cheaper than for general A) makes condition estimation any
cheaper.

A great variety of condition estimators have been developed and are in
widespread use. See [9] and more recently chapter 14 of [10] for comprehensive
surveys. These estimators, which often are probabilistic, have the attractive
property that they are much cheaper to evaluate than actually solving Ax = b
(assuming they reuse the LU decomposition computed to solve Ax = b); if A
is triangular then the error bound has a similar complexity to solving Ax = b.
If error bounds were more expensive than this few people would use them.
Unfortunately, all cheap condition estimators have, or are suspected to have,
counterexamples, i.e. matrices A for which the computed estimate of ‖A−1‖
is arbitrarily wrong (too small or too large by an arbitrary factor). This led
one of the authors to conjecture that any cheap condition estimate must have a
counterexample, or equivalently that a guaranteed condition estimator had to
have an asymptotic cost equivalent to inverting A in the first place [8, 7]. In
this paper we will prove a very closely related statement.

Here are two other motivations for conjecturing that that cost of a guar-
anteed error bound for a solution of Ax = b, and inverting A, have equivalent
costs. First, a simple first order expansion shows that

|κ(A+ ∆)− κ(A)|
|κ(A)|

≤ ‖∆‖
‖A‖

+
‖A−1∆A−1‖
‖A−1‖

+O(‖∆‖2)

≤ (1 + κ(A)) · ‖∆‖
‖A‖

+O(‖∆‖2) .

Furthermore, this bound is (nearly) attainable. So in fact κ(A) is the condition
number not just for the problem of solving Ax = b but (nearly) for the problem
of computing κ(A). In other words, the condition number of the condition
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number is (nearly) the same as the condition number of the original problem.
This motivates us to conjecture that the two problems have equal complexity
as well as equal sensitivity.

A second motivation is a set of theorems of Strassen [19], Bunch and Hopcroft
[2] and Baur and Strassen [3], which show that the problems of matrix multipli-
cation, dense or triangular matrix inversion, dense LU decomposition (with or
without pivoting) and computing determinants of dense matrices are all equiv-
alent in complexity. In other words, in the straight-line-code complexity model
where all arithmetic operations take one unit of time, an O(nγ) algorithm for
one of these four problems can be converted into an O(nγ) algorithm for the
other three, for any 2 < γ ≤ 3. See also [12]. The smallest known value of γ is
currently about 2.376 [20, 6]. See [15] for a survey of fast matrix multiplication
algorithms. This motivates us to ask whether condition estimation is equally
hard as these other problems.

We cannot prove that condition estimation is as hard as matrix multiplica-
tion, but instead we prove something quite close. Instead of comparing the cost
of condition estimation on n-by-n matrices to the cost of n-by-n matrix multi-
plication, we compare it to the cost of testing n-by-n matrix multiplication, i.e.
the decision problem of deciding whether the product of two n-by-n matrices is
identically zero. It is conjectured [5], and widely believed, that matrix multi-
plication and testing matrix multiplication have the same complexity, because
no better guaranteed algorithm for testing matrix multiplication is known than
simply multiplying the two matrices and comparing their product to zero.

We note that there is a well-known probabilistic algorithm for testing whether
A ·B = 0: pick one (or a few) random vectors x and compare the matrix-vector
products A(Bx) to zero. It is easy to see that if A ·B 6= 0, then A(Bx) 6= 0 with
high probability. It is almost as easy to see that the algorithm can be fooled
if any fewer than n linearly independent vectors x are used, for a total cost of
Θ(n3).

For reasons described in detail later, our results depend on the field or ring
of matrix entries, and we need to use a complexity model that counts the cost
of individual arithmetic operations appropriately. In particular, operations on
“large” arguments are more expensive than operations on “small” arguments.
The exact definitions of large and small depend on the field or ring; we consider
bit complexity (integers), rationals, and algebraic extension fields. Our results
do not extend to real or complex numbers, where each arithmetic operation
takes unit time.

In summary, the paper shows that even if we permit very rough approxima-
tions E of ‖A−1‖, with E differing from ‖A−1‖ by a factor as large as ‖A‖δ2p(n)

for any polynomial p(n) in the matrix dimension n and for any 0 ≤ δ < .5, then
the cost of condition estimation is at least the cost of testing matrix multiplica-
tion. Conversely, if we insist on using a condition estimation algorithm that is
asymptotically cheaper than testing matrix multiplication, it must occasionally
make errors that are larger than ‖A‖δ2p(n). All this is true even if A is restricted
to be triangular.

More precisely, we show that the cost of condition estimation exceeds the
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cost of testing matrix multiplication for infinitely many values of n and k, where
n is the dimension and k is the maximum bit length of the entries of A. The
more accurate we make the condition estimator, the larger is the set of (n, k)
values where the result holds, in a certain measure theoretic sense.

Any lower bound on the cost of condition estimation must eventually become
trivial if the error in E that we will tolerate becomes large enough. To see why,
note that if A is an n× n invertible matrix with k-bit integer entries, then

max
ij
|(A−1)ij | ≤ n

n−1
2 2(n−1)k . (1)

This bound follows from Cramer’s rule and the fact that the determinant is an
integer bounded by the product of the column lengths. If A is unit triangular,
then the following tighter upper bound holds:

max
ij
|(A−1)ij | ≤ 2k

(
1 + 2k

)n−2
. (2)

Thus, if we permit ‖A−1‖/E to be larger than the upper bounds above, then an
algorithm may simply return E = 1 without doing any work at all. This implies
that any lower bound on the cost of condition estimation must eventually drop
to 0 as the error tolerance grows. Our formulation avoids this situation by
keeping the error tolerance below the bounds above.

We also show how to extend these results in two directions. First, they apply
to computations over the rational numbers and over algebraic extension fields;
the logarithm of the height function from number theory will play the role of bit
size k. It appears difficult to extend these results to real number computations,
but something simple can still be said. Second, our results apply to other
condition estimation problems in numerical linear algebra, such as computing
error bounds for eigenvectors.

The rest of this paper is organized as follows: Section 2 discusses RAM
machines and details of our model of computation. Section 3 gives a simple
but coarse statement of the main result. Section 4 states the main theorem
and section 5 presents corollaries. Section 6 presents our reduction from Zero
Testing to Condition Estimation, section 7 gives a technical lemma, and section 8
proves the main result. Section 9 extends the results to computations over other
number rings and fields besides k-bit integers. Section 10 extends the results to
other condition estimation problems in linear algebra. Finally, section 11 draws
conclusions and states open problems.

2 RAM Machines and Problem Size

The lower bounds in this paper may be formalized under several reasonable
models of computation. For simplicity, we first choose one such model, namely
RAM machines (as defined in [2]) over the integers, with logarithmic cost as
defined below. Later, in Section 9, we will extend these results to several other
models of computation.
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In the RAM machine model, memory access is free. Each memory position
can contain an integer value. The following arithmetic operations are allowed:
addition, subtraction, multiplication, and deciding whether a number is greater
than zero.

The cost of arithmetic operations is given by Table 1. Here we define
size(x) ≡ dlog2|x|e, which is (approximately) the bit-length of x.

Operation Cost (in O(·) sense)
1 x+ y, x− y size(x) + size(y)
2 xy, (x, y arbitrary) (size(x) + size(y))1+ε, for any ε > 0
3 x · 2y, (y ≥ 0) size(x) + y
4 x > 0? size(x)

Table 1: Arithmetic Model Costs

The cost of multiplication of arbitrary integers can be justified, in terms of
more ‘primitive’ models of computation: multitape Turing Machine with finite
alphabet, RAM machines with finite alphabet, circuits with two-input gates, or
straight-line code with boolean variables. In those models it is possible to apply
the Schönhage-Strassen [16] fast multiplication algorithm, which has complexity
O(l log2l log2log2l) on l-bit inputs. The notation l1+ε makes statements shorter,
but we note that the constant in the O((size(x)+size(y))1+ε) goes to∞ as ε→ 0,
a detail to account for in the proofs. In any of the more primitive models,
multiplication x · 2y can be done in linear time, by “padding” (concatenating)
y zeros at the end of x. This justifies the cost of multiplication by a power of 2
given in the table.

We also need the following definitions:

Definition 1 ‖B‖max = maxi,j |Bij |.

We use this for convenience to measure A−1, but the results do not depend
significantly on the choice of norm. (See Corollary 2.)

Definition 2 N is the set of positive integers, Z is the set of all integers, Q is
the set of rational numbers, and R is the set of real numbers.

Definition 3 An inequality such as g1(n, k) < g2(n, k) expressed in terms of
n and k is said to hold everywhere if it holds for all (n, k) ∈ N × N. See
Figure 1(a).

Definition 4 An inequality such as g1(n, k) < g2(n, k) expressed in terms of n
and k is said to hold infinitely often or i.o. if for every (n0, k0) ∈ N×N, there
exists (n, k) ∈ N ×N, with n ≥ n0 and k ≥ k0 where g1(n, k) < g2(n, k). See
Figure 1(b).

In other words, the inequality holds i.o. if there is an infinite sequence (ni, ki),
unbounded in both parameters, where the inequality holds.
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Figure 1: (a) Everywhere, (b) Infinitely Often.

Definition 5 Let f(n, k) be a non-decreasing integer function of n and k. A
RAM machine solves the Condition Estimation Problem with tolerance f(n, k)
if and only if:

1. The input is of the form (n,A) where A is a unit upper-triangular n × n
matrix of integer numbers. In this context, define k = size(‖A‖max). Thus
‖A‖max ≤ 2k. Only the strict upper triangle of A is input to the machine.

2. The output is some estimate E with

1
f(n, k)

≤ E

‖A−1‖max
≤ f(n, k)

We restrict the input A to be unit upper-triangular, meaning A has ones on the
diagonal and zeros below, for three reasons:

1. Because we establish a lower bound on the complexity of this problem in
the specific case where A is unit upper-triangular, the same lower bound
applies without further comment to condition estimation for general A.

2. In practice, condition estimation is often applied to triangular matrices,
and we wish to show that the task is difficult even in this special case.

3. If A is unit upper-triangular, then ‖A−1‖max is always well-defined for any
input to the RAM machine, since A is nonsingular. No question arises as
to whether a given input is valid, so the complexity of singularity-testing
does not become an undesired lower bound on the complexity of Condition
Estimation.

Definition 6 A RAM machine solves the Zero Testing Problem if and only if

1. The input is of the form (n,B,C) where B and C are n × n matrices of
integer numbers. In this context, as with Definition 5, k may be defined
as the number of bits in max (‖B‖max, ‖C‖max).

2. The machine decides whether BC = 0.

In order to say that Condition Estimation is as hard as Zero Testing, we
compare the performance of RAM machines that solve these problems. We ex-
amine the space (n, k) of all input sizes and compare the worst-case performance
of the RAM machines at each input size.

Definition 7 TimeM(n, k) is the worst-case running time of a RAM machine
M, over all inputs of size at most (n, k).

Note that for any M, TimeM(n, k) is nondecreasing in both n and k.
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3 The exponent of Condition Estimation

Our goal will be to bound TimeCE(n, k) from below in terms of TimeZT(n, k).
For simplicity, we begin with a theorem that shows that if Condition Estimation
is to be done with an error tolerance that grows just polynomially in n, the
“exponents” in n and k of the running time for zero-testing cannot be larger
than the exponents of the running time of condition estimation. Formally,

Theorem 1 Let f = f(n) be a polynomial, f(n) ≥ 1. Assume there are con-
stants a ≥ 2, b ≥ 1, and a RAM machine CE that solves the Condition Estima-
tion problem with error tolerance f(n), and

∀ε > 0,∃c > 0 such that TimeCE(n, k) < c · na+ε · kb+ε

Then there exists a RAM machine ZT that solves the Zero Testing problem, with
the property that

∀ε > 0,∃c > 0 such that TimeZT(n, k) < c · na+ε · kb+ε

Theorem 1 follows easily from Lemma 1 below so we omit the proof. Theo-
rem 1 is simple to state, but it has two limitations: First, it does not account
for tolerances f(n, k) that grow in k or that grow faster than polynomially in
n. Second, even for the tolerances it does cover, the theorem admits a possi-
bility that the costs of Condition Estimation and Zero Testing may differ at all
problem sizes (n, k) by a factor that grows polylogarithmically in n and k, so
that the gap in cost might widen arbitrarily (though not polynomially). The
sharper result of the Main Theorem places a tighter lower bound on the cost of
Condition Estimation and also generalizes the tolerance.

4 Main Theorem

We examine the space of problem sizes (n, k) to see where the costs of Condition
Estimation and Zero Testing can be compared. We would like to say that the
costs are comparable everywhere (Figure 1(a)), but we cannot do so without
an additional assumption (section 11). Instead, we show that the costs are
comparable infinitely often (Figure 1(b)).

Main Theorem Let τ(n) : N→ N be a polynomially bounded nondecreasing
function, computable on a RAM machine in time O(n2). Let 0 ≤ δ < 1

2 be a
constant. Suppose a RAM machine CEτ

1. solves the Condition Estimation problem with tolerance 2δk+τ(n), and

2. uses each entry of the input matrix in an arithmetic operation or compar-
ison.

Then there exists a constant C > 0 and a RAM machine ZT that solves the
Zero Testing problem, such that infinitely often

TimeCEτ (n, k) > C · TimeZT(n, k) .
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In other words, Condition Estimation with tolerance 2δk+τ(n) is as hard as
Zero Testing, as long as τ(n) grows just polynomially fast, and as long as the
condition estimation algorithm actually uses each matrix entry in an arithmetic
operation or comparison. We will review the reasons for these technical limita-
tions after presenting the proof in section 8.

Note that τ(n) is subject to the technical requirement that it be computable
in time O(n2), and be polynomially bounded. The former requirement is not
significantly restrictive: τ can be selected from a huge class since this time
bound is more than exponential in the input to τ (which is dlog2ne bits long).

5 Corollaries

For illustration, we will state a few corollaries of the Main Theorem. It has been
conjectured, and is widely believed, that Zero Testing has the same complexity
as Matrix Multiplication, because no better guaranteed algorithm is known than
simply multiplying the two matrices and comparing their product to zero [5].
So, for the sake of comparison, we will in this section sometimes use
Assumption 1. The cost of Zero Testing is at least cnβk, where c > 0 and
2 < β < 3 is the exponent of matrix multiplication. In fact β < 2.376 [20, 6, 15].

As in the Main Theorem, we will let 0 ≤ δ < 1
2 be a constant. Note that

2δk ≈ ‖A‖δmax < ‖A‖
1/2
max.

Corollary 1 Let r, s ≥ 0 be integer constants. Condition Estimation with error
tolerance 2δk+snr ≈ ‖A‖δmax2sn

r

is as hard as Zero Testing infinitely often. If
we also make Assumption 1, then the cost of Condition Estimation is at least
cnβk i.o. for some c > 0.

Proof. Set τ(n) = snr in the Main Theorem. QED
Corollary 1 tells us that the error tolerance can grow exponentially rapidly in

n, and Condition Estimation is still as expensive as Zero Testing. In contrast,
the error tolerance must grow much more slowly as a function of ‖A‖max to
guarantee the same property.

Corollary 2 Let d > 0 be a constant. Let ‖ · ‖ be a norm related to ‖·‖max by
a polynomial nd, i.e.

n−d ≤ ‖A‖/‖A‖max ≤ nd

for all A. Let r, s ≥ 0 be integer constants. Then estimating ‖A−1‖ with error
tolerance 2δk+snr = ‖A‖δmax2sn

r

is as hard as Zero Testing infinitely often. If
we also make Assumption 1, then the cost of estimating ‖A−1‖ is at least cnβk
i.o. for some c > 0.

Many common norms, such as operator p-norms or the Frobenius norm, are
related to ‖·‖max by a polynomial nd.
Proof. Set τ(n) = dlog2n+ snr in the Main Theorem. QED

Our final corollary applies to all condition estimators currently in wide use;
it says that if they are cheaper than Zero Testing, then they must have large
errors i.o.
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Corollary 3 Suppose that we have a condition estimator CHEAP with the fol-
lowing properties:

1. CHEAP performs at least one operation on each matrix entry.

2. limn,k→∞
TimeCHEAP(n,k)

TimeZT(n,k) = 0 for any zero tester ZT .

Then there are infinitely many n, k where the error committed by CHEAP is at
least 2δk+τ(n) where either δ ≥ .5 or τ(n) grows faster than any polynomial in
n.

Proof: Take the contrapositive of Corollary 1. QED

6 Reducing Zero Testing to Condition Estima-
tion

To prove the main theorem, we first establish several lemmata. The lemma
below compares the cost of Zero Testing on inputs of size (n, k) to the cost of
Condition Estimation on inputs of larger size. This bound is established by a
reduction from Zero Testing to Condition Estimation.

Lemma 1 . Let τ(n) : N → N be a nondecreasing function, computable on a
RAM machine in time O(n2). Let 0 ≤ δ < 1

2 be an integer constant. Suppose
a RAM machine CEτ solves the Condition Estimation problem with tolerance
2δk+τ(n). Let σ ≥ 2 be an integer such that δ ≤ (σ − 1)/(2σ); any σ ≥ d 1

1−2δ e
will do. Then there exists a RAM machine ZT that solves the Zero Testing
problem, and a constant c > 0 (independent of the ε in Table 1) such that

TimeZT(n, k) < c
(
TimeCEτ (3n, 2σ(k + τ(3n) + 1)) + n2(k + τ(3n))

)
This inequality holds for all n and k (as in Definition 3).

Proof. Given CEτ , we construct RAM machine ZT, which, given n×n matrices
B,C with k-bits entries, decides whether BC = 0:

1. Compute τ(3n). By hypothesis, this can be done in time O(n2).

2. Compute γ = (2σ − 1)k + 2στ(3n) + 2σ. The cost of this computation is
small: O(log2k+ log2τ(3n)) (note that σ is a constant, so the constant in
the O() does not depend on the ε in Table 1). We define α ≡ 2γ without
computing α explicitly. We can, however, multiply any number x by α in
time dlog2xe+ γ, since, in our model, multiplication by a power of 2 can
be done in time linear in the exponent (line 3 of Table 1).

3. Generate

A =

 I αB
I αC

I
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This requires 2n2 multiplications, each of which is of a k-bit number, by
α, which uses the linear cost multiplication operation for powers of 2. The
cost of this step is thus O(n2(k + γ)) = O(n2(k + τ(3n))).

4. Use algorithm CEτ to compute the estimate E to ‖A−1‖max. The cost is
of this is TimeCEτ (3n, 2σ(k + τ(3n) + 1))

5. Return YES (i.e. B · C = 0) if 2(3σ−1)(k+τ(3n)+1)+τ(3n) − E ≥ 0, and
NO (i.e. B · C 6= 0) otherwise. Computing 2(3σ−1)(k+τ(3n)+1)+τ(3n) can
be done in time (3σ − 1)(k + τ(3n) + 1) + τ(3n) as before. To see how
long the subtraction takes, we note that we can bound the bitsize of E by
TimeCEτ (3n, 2σ(k + τ(n) + 1)), since CE cannot produce output that is
longer than its running time. The total time for this subtraction can thus
be bounded by O(k + τ(3n)). The resulting difference is also bounded by
this quantity, so the comparison with zero can be similarly bounded.

Adding the steps, we see that c can be set to exceed the constants at every
step, so that a time bound holds for the entire reduction as in the statement of
the lemma.

In order to show correctness of the algorithm, we claim that BC = 0 if and
only if 2(3σ−1)(k+τ(3n)+1)+τ(3n) ≥ E.

Indeed,

A−1 =

 I −αB α2BC
I −αC

I


If BC = 0, the (1, 3)-submatrix vanishes and we have:

‖A−1‖max ≤ 2kα

and hence

E ≤ 2δ(2σ)(k+τ(3n)+1)+τ(3n) · 2kα
≤ 2[(σ−1)/(2σ)](2σ)(k+τ(3n)+1)+τ(3n) · 2kα
= 2(3σ−1)k+3στ(3n)+3σ−1

≡ S1

If BC 6= 0, then the (1, 3)-submatrix has norm at least α2, and hence:

E ≥ 2−{δ(2σ)(k+τ(3n)+1)+τ(3n)} · α2

≥ 2−{[(σ−1)/(2σ)](2σ)(k+τ(3n)+1)+τ(3n)} · α2

≥ 2(3σ−1)k+3στ(3n)+3σ+1

≡ S2

Since S1 < S2, we conclude that the inequalities E ≤ S1 and E ≥ S2 are
mutually exclusive, and correspond to B · C = 0 and B · C 6= 0 respectively.
QED

Next, we establish that a RAM machine for Condition Estimation costs no
more than cn5k1+ε for some constant c.

11



Lemma 2 Under the same hypotheses as Lemma 1, there exists a RAM ma-
chine CE that solves the Condition Estimation problem exactly, such that for
every ε > 0 there exists a constant cε such that

TimeCEτ (n, k) < cε · n5 · k1+ε .

Proof. Let CE be a RAM machine that solves the Condition Estimation problem
on input A by the obvious algorithm:

1. Compute A−1 explicitly, solving for each column in turn by substitution.

2. Compute ‖A−1‖max explicitly, by O(n2) comparisons.

Clearly, step 1 takes O(n3) arithmetic operations. The numbers encountered
in the algorithm are maximized when all strictly upper triangular entries of A
equal −2k, the most negative possible value; in this case the numbers in the
algorithm can be no larger than ‖A−1‖max = 2k(2k + 1)n−2. Arithmetic with
such large numbers costs O((kn)1+ε). Thus the overall runtime of step 1 is
O(n3(kn)1+ε) = O(n5k1+ε). Step 2 is no more expensive. QED

7 A Technical Lemma

The following lemma will draw on the conclusions of Lemma 2 to generate the
sequence of arbitrarily large (n, k) referred to in the Main Theorem, at which the
costs of Condition Estimation and Zero Testing may be compared. Intuitively,
Lemma 3 captures the notion that, since the cost of Condition Estimation is
bounded above by a polynomial in n and k, its cost cannot grow hugely when
the input size is increased modestly.

Lemma 3 Let a > 1 and σ ≥ 2 be constants, and let g(n, k) : N × N → N
and τ(n) : N → N be positive nondecreasing functions. Further assume that
τ(n) ≤ snr for some positive constants r and s. Suppose for all ε > 0, there
exists a constant cε > 0 such that the following inequality holds everywhere:

g(n, k) < cεn
ak1+ε . (3)

Then there exists a constant d ≥ 1 independent of ε such that the following
inequality holds infinitely often:

g(3n, 2σ(k + τ(3n) + 1)) ≤ d g(n, k) . (4)

Proof. Let g and τ be as in the hypothesis, but suppose, contrary to the state-
ment of the lemma, that we can fix any d ≥ 1 and find some n0, k0 such that:

∀n ≥ n0, k ≥ k0, d g(n, k) < g(3n, 2σ(k + τ(3n) + 1)) (5)
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Having fixed d, n0, k0, define

ni ≡ 3ni−1 = 3in0

ki ≡ 2σ(ki−1 + τ(3ni−1) + 1)

= (2σ)ik0 +
i−1∑
j=0

(2σ)j+1(τ(3i−jn0) + 1)

We may further bound

ki ≤ (2σ)i(k0 + i+ is(3in0)r) ≤ isnr0(2σ3r)i(1 + o(1))

where o(1) represents a quantity that approaches 0 as i grows.
Thus for any d > 1 we get the inequalities

dig(n0, k0) ≤ g(ni, ki)
≤ cε · nai · k1+ε

i

≤ cε · (3in0)a · [isnr0(2σ3r)i(1 + o(1))]1+ε

for all nonnegative i. But if we choose d > 3a(2σ3r)1+ε, then we get a contra-
diction, as desired. QED.

Although the lemma only claims that the inequality (4) holds infinitely often,
in fact the proof shows that d can be chosen large enough so that it “usually”
holds. Indeed, let

ri = g(ni, ki)/g(ni−1, ki−1) ≥ 1 .

The proof shows that there is some universal constant R > 3a(2σ3r)1+ε such
that for all j ≥ 0 there is a constant C(n0, k0) such that

g(nj , kj)
g(n0, k0)

=
j−1∏
i=1

ri ≤ C(n0, k0)Rj−1

This inequality shows that the number of ri in the set {r1, ..., rj−1} that could
possibly exceed d = Re is at most e−1logRC(n0, k0) + (j − 1)/e, for any e ≥ 1.
Thus, by choosing e in d = Re large enough, we can make inequality (4) hold as
frequently as desired, in a certain measure theoretic sense. The larger σ is and
the faster τ(n) increases, the smaller is the portion of the (n, k) plane where we
can guarantee that inequality (4) holds.

8 Proof of the Main Theorem

We are now ready to prove the main theorem, which we repeat here for reference:

Main Theorem Let τ(n) : N→ N be a polynomially bounded nondecreasing
function, computable on a RAM machine in time O(n2). Let 0 ≤ δ < 1

2 be a
constant. Suppose a RAM machine CEτ
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1. solves the Condition Estimation problem with tolerance 2δk+τ(n), and

2. uses each entry of the input matrix in an arithmetic operation or compar-
ison.

Then there exists a constant C > 0 and a RAM machine ZT that solves the
Zero Testing problem, such that infinitely often

TimeCEτ (n, k) > C · TimeZT(n, k) .

Proof. Lemma 1 tells us that given the RAM machine CEτ there exist constants
c > 0 and σ ≥ 2, and a RAM machine ZT such that

TimeZT(n, k) < c
(
TimeCEτ (3n, 2σ(k + τ(3n) + 1)) + n2(k + τ(3n))

)
.

The assumption that CEτ uses all the matrix entries in arithmetic operations
tells us that

TimeCEτ (3n, 2σ(k + τ(3n) + 1)) ≥ c′ · (3n)2(2σ)(k + τ(3n) + 1)

for some constant c′ > 0. This lets us conclude that

TimeZT(n, k) < c′′ · TimeCEτ (3n, 2σ(k + τ(3n) + 1)) .

Next, Lemma 2 implies that we can apply Lemma 3 to g(n, k) = TimeCEτ (n, k)
and conclude that ∃d > 1 such that

TimeCEτ (3n, 2σ(k + τ(3n) + 1)) ≤ d · TimeCEτ (n, k)

infinitely often. Combining the last two inequalities yields

TimeZT(n, k) ≤ (c′′ · d) · TimeCEτ (n, k)

as desired. QED
Here are some reasons for the technical limitations of the theorem. We

know from bound (2) that if we let the error tolerance f(n, k) for the condition
estimate E grow too large (2k(2k + 1)n−2 will do) then a condition estimator
can simply return 1 after doing no work at all, not even looking at its input.
For given values of n, τ(n) and k, it may be the case that the threshold 2δk+τ(n)

exceeds 2k(2k + 1)n−2 (Lemma 1 excludes this possibility). However, we still
cannot prove that the “input complexity” n2(k+τ(3n)) can be simply absorbed
into TimeCEτ (3n, 2σ(k + τ(3n) + 1)) for any possible n and k, which is why we
restrict our theorem to apply only to condition estimators that compute some
nontrivial function of all the input matrix components (which guarantees that
the complexity is at least c′n2(k + τ(3n)) for some c′ > 0). On the other hand,
we conjecture that condition estimators for the infinite set of n and k in the
theorem do have to use all the matrix entries in order to work correctly, which
would let us remove the assumption from the statement of the theorem.

The function τ(n) defining the tolerance is restricted to grow polynomially
in n in order to use Lemma 3 to relate TimeCEτ (n, k) and TimeCEτ (3n, 2σ(k +
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τ(3n) + 1)), since we prefer to compare TimeCEτ (n, k) and TimeZT(n, k) at the
same arguments n and k.

The constant δ in the error tolerance 2δk+τ(n) is limited to δ < 1
2 because

otherwise the reduction algorithm in Lemma 1 would not work. Without δ < 1
2 ,

we cannot guarantee that the two inequalities E ≤ S1 and S2 ≤ E are mutually
exclusive.

9 Dependence upon the model of computation

9.1 Other models over the integers

The Main Theorem and its Corollaries will extend immediately to the following
models of computation:

1. RAM model with cost k for the multiplication of k-bit integers. (The
reader should set ε = 0 in the statements.) The cost of multiplication by
a power of 2 remains as before.

2. Optimal straight-line code (or computation tree) with boolean variables.
This model does not have the concept of an algorithm; all optimal straight-
line programs for input of size (n, k) are the same length.

3. Logspace-uniform straight-line code (or computation tree) with boolean
variables. Here, a logspace-bounded Turing machine on input (n, k) (writ-
ten in base 1) outputs straight-line code (or a computation tree) that solves
the problem in question for all inputs of size (n, k).

4. RAM machine with fixed maximum size for integers in memory and unit
cost for operations. Several memory locations are used to represent num-
bers larger than the machine’s limit.

A common feature of these models is that the cost of arithmetic operations
between non-zero integers x, y is bounded below by log2|x|+ log2|y|. Addition,
subtraction, and comparison can be performed in time O(log2|x| + log2|y|).
Multiplication can be performed, for any ε > 0, in time O((log2|x|+log2|y|)1+ε)
by the Schönhage-Strassen algorithm.

Also, we have a good reason for charging logarithmic cost on arithmetic
operations. Otherwise, it is possible to decide BC = 0 in O(n2+log2l) additions
and multiplications: set α > 22ln, and compute

B

C


1
α
α2

...
αn−1



 .

using two matrix-vector multiplications. This later quantity vanishes if and only
if BC = 0.
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In the model with logarithmic cost, we conjecture instead that deciding
BC = 0 is at least as hard as matrix multiplication. The same conjecture in an
algebraic model of computation is stated in [5].

9.2 Rational numbers

A natural question is to extend the lower bound in the Main Theorem to non-
integer inputs. An important step in the proof (namely, BC 6= 0⇒ ‖BC‖max ≥
1) breaks down if we allow arbitrary real inputs. However, we are able to bound
‖BC‖max below in the case of rational or algebraic numbers.

In order to obtain reasonable running time bounds, it is necessary to measure
the input size in a meaningful way. If p1

q1
, p2
q2

, ... , pnqn are inputs, pi ∈ Z, qi ∈ N,
what is the input bitsize ? A wrong choice is k = dlog2 max(|pi|, qi)e. The best
lower bound for nonzero |

∑ pi
qi
| would be of the order of 2−kn. This would

introduce a factor of n in the bitsize of the sum.
As a matter of fact, if some quantity is represented by fractions p1

q1
, p2
q2

, ... ,
pn
qn

, then that quantity is known or measurable up to precision 1
2Q , where Q is

the least common denominator of those fractions. Let us reduce those fractions
to their common denominator and write pi

qi
= Pi

Q . Then the natural bitsize is
k = dlog2 max(Q, |Pi|)e.

Now, if B and C are matrices of rational numbers and their bitsize is at
most k, then BC 6= 0 ⇒ ‖BC‖max ≥ 2−2k. A reasonable definition of a RAM
machine over the rationals uses the following cost model:

The cost of an arithmetic operation such as computing x + y, x − y, x > y
is l and the cost of computing xy is l1+ε where l is the bitsize of the pair (x, y).
Multiplying x by 2k costs k + l, where l is the bitsize of x.

Definitions 5 and 6 can be extended word by word to algorithms over the
rationals, using RAM machines over the rationals. However, the value of k has
to be given as part of the input.

Indeed, k will be used by the algorithm. Unlike in the integer case, there is
no easy way to determine k from the rest of the input.

It is important to stress that k is just a measure of the input size, and that
we make no assumption on the actual representation of the input. We know
no easy way to compute the common denominator of all the input given the
input and eventually k, so we cannot just multiply the matrix by the common
denominator and use an integer condition estimator.

Although the statement of the Main Theorem can be extended verbatim to
the model of computation over the rationals, the proof would be obscured by
technicalities such as restatements of Lemma 2 and Lemma 3. Therefore, we
choose to generalize a weaker statement, similar to Theorem 1:

Theorem 2 Let τ(n) : N → N be a nondecreasing function, computable on
a RAM machine in time O(n2), and bounded by a polynomial in log2n. Let
0 ≤ δ < 1

2 be a constant. Assume there are constants a ≥ 2, b ≥ 1, and a RAM
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machine CE over the rationals that solves the Condition Estimation problem
with error tolerance 2δk+τ(n), and

∀ε > 0,∃c > 0 such that TimeCE(n, k) < c · na+ε · kb+ε

Then there exists a RAM machine ZT over the rationals that solves the Zero
Testing problem, with

∀ε > 0,∃c > 0 such that TimeZT(n, k) < c · na+ε · kb+ε

The proof follows those of Lemma 1 and Theorem 1. We list below the
modifications that are necessary in the reduction procedure:

At step 2 of Lemma 1, let σ be an integer constant greater than 1
1−2δ . Set

γ = 4σk + 2στ(3n)

At step 5 of the same Lemma, return YES if and only if

E ≤ 2
3σ−1

2σ (k+γ)+τ(3n)

We check the correctness of this algorithm. The input to the condition estimator
was a 3n× 3n matrix with coefficients of bitsize at most k+ γ, so the tolerance
is 2δ(k+γ)+τ(3n) and:

Case 1: If BC = 0, then ‖A−1‖max ≤ 2k+γ and hence,

E ≤ 2k+γ+δ(k+γ)+τ(3n)

Using δ < σ−1
2σ , we obtain

E ≤ 2
3σ−1

2σ (k+γ)+τ(3n)

Case 2: If BC 6= 0, then ‖A−1‖max ≥ 2−2k+2γ and

E ≥ 2−2k+2γ−δ(k+γ)−τ(3n)

Replacing δ by σ−1
2σ ,

E ≥ 2−2k+2γ−σ−1
2σ (k+γ)−τ(3n)

Every possible value of E falls in at most one of those bounds, since

3σ − 1
2σ

(k + γ) + τ(3n) < −2k + 2γ − σ − 1
2σ

(k + γ)− τ(3n)

Indeed, the terms in the last inequality can be rearranged to:

2τ(3n) +
(

4− 1
σ

)
k <

γ

σ

Now we replace γ by 4σk + 2στ(3n) to obtain, after cancelling a few terms,

− 1
σ
k < 0
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which is trivially true.
The total cost of this reduction is

c(3n)a+ε(k + γ)b+ε

plus lower order terms (Since a ≥ 2 and b ≥ 1). This later bound is

c3a+εna+ε ((4σ + 1)k + 2στ(3n))b+ε

We can now bound (4σ+1)k+2στ(3n) < c1kn
ε1 for all ε1 small enough and

an adequate choice of c1. Therefore the running time of the overall reduction
is:

3a+εccb+ε1 na+ε+ε1(b+ε)kb+ε < c2n
a+ε2kb+ε2

9.3 Algebraic numbers

The next model of computation that we consider are RAM machines operating
with algebraic numbers. There are two natural ways to define input size and
cost.

An algebraic extension K of Q can be represented by a primitive element γ
and a minimal polynomial p(x) for γ over Q. Since γ is a root of p, it is enough
to have a good numerical approximation of γ that can be refined as needed.
Elements of K are all of the form q(γ) for some polynomial q with rational
coefficients, and such that deg q < deg p.

Therefore, a list y1, · · · , yn of algebraic numbers can be represented by the
primitive element γ and the minimal polynomial p for the extension K =
Q[y1, · · · , yn], and by the polynomials qi such that yi = qi(γ). Arithmetic
in K can be performed by doing arithmetic with the polynomials qi’s, modulo
the minimal polynomial p. A number yi vanishes if and only if q ≡ 0 mod p.
In order to check if a real algebraic number yi = qi(γ) is greater than zero,
one can just refine the numerical approximation of γ in order to approximate
yi numerically.

This approach is used in symbolic algebra literature. It was also used for
complexity purposes in [1]. However, it has a main drawback: it is hard to
estimate the bitsize of expressions formed from algebraic numbers of known
bitsize.

The other possibility is to define an abstract model of RAM machine oper-
ating with algebraic numbers, and define the ‘bitsize’ using the height function
of number theory.

We will follow this later approach. However, we will not construct the height
function here, but refer to the literature. We state below the properties of the
height function that will be relevant here. Following the notation in [11], let Qa

denote the algebraic closure of the rationals.

Proposition 1 There is a function

H : (Qa)n → R
(x1, · · · , xn) 7→ H(x1, · · · , xn)

18



with the following properties:

1. If x ∈ Z, then H(x) = max(|x|, 1).

2. If (x1, · · · , xn) ∈ Zn, then H(x1, · · · , xn) = max(|xi|, 1).

3. If (P1
Q , · · · ,

Pn
Q ) ∈ Qn are rationals reduced to the same denominator, then

H(
P1

Q
, · · · , Pn

Q
) = max(|Pi|, Q).

4. If x1, · · · , xn are algebraic numbers, then

H(x1) ≤ H(x1, · · · , xn) ≤ H(x1)H(x2) · · ·H(xn)

5. If B and C are n× n matrices with algebraic coefficients, then:

H(BC) ≤ n H(B) H(C)

where H(B) means H(B11, B12, · · · , Bnn), etc...

6. If x ∈ Qa is an algebraic number,

1
H(x)deg[Q[x]:Q]

≤ |x| ≤ H(x)deg[Q[x]:Q]

7. If y is an algebraic number and p(x) = p0 +p1x+ · · ·+pdx
d is its minimal

polynomial, then max |pi| ≤ (2H(y))deg[Q[x]:Q]

8. If p(x) = p0 + p1x + · · · + pdx
d is a polynomial with integer coefficients

and if y is a root of p, then H(y) ≤ 2 max |pi|.

We refer the reader to [11, Chapter 2] and [17, pages 205–214] for the precise
construction and main properties of the height function. Further applications
of the height function to complexity issues can be found in [4, Chapter 7] or
[13, 14].

As in [13], we define the quantity

w(x1, · · · , xn) = deg [Q[x1, · · · , xn] : Q] d1 + log2H(x1, · · · , xn)e

This is (in some sense) the ‘bitsize’ necessary to store each of the x1, · · · , xn.
The actual size of the whole list (x1, · · · , xn) would be nw(x1, · · · , xn). Items
1, 2 and 3 in Proposition 1 show that nw(x1, · · · , xn) agrees with the classical
bitsize in the case the xi’s are integer or rationals.

Items 4, 5 and 6 combine together in the following statement:

Lemma 4 Let B and C be n × n matrices of algebraic numbers, and let w >
w(B11, B12, · · · , Bnn, C11, · · · , Cnn). If BC 6= 0, then

‖BC‖max ≥ (4n)−w
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The model of computation is as follows: A RAM machine over the ratio-
nals will perform arithmetic operations over the algebraic numbers at a cost of
w(x, y) for computing x+ y, x− y and testing x > y, and at cost w(x, y)η+ε to
compute xy, for some fixed η ≥ 1. However, if x is a rational integer, the cost
of computing xy will be w(x, y)1+ε only. Those choices of cost are justified in
view of items 7 and 8 in Proposition 1, and are compatible with the cost (over
the integers with logarithmic cost) of classical symbolic algebra algorithms [13].

A reasonable choice for the exponent η is η = 2. However, if all the inputs are
restricted to a fixed number field K, with a primitive element ω, then numbers
in K are just formal polynomials in ω, with integer coefficients and degree no
more than deg[K : Q]. In this case, it makes sense to choose η = 1.

The value of η does not interfere with the statement of Theorem 3 below,
since the only multiplications in the reduction algorithm are multiplications of
an algebraic number by a rational integer.

In Definitions 5 and 6, the input will be given as a list (n,w,A) (resp.
(n,w,B,C)) where A (resp. B,C) is an n×n matrix of algebraic numbers, and
w = dw(A11, · · · , Ann)e (resp. w = dw(B11, · · · , Cnn)e). This defines a notion
of Algorithm over the algebraic numbers. Now we state:

Theorem 3 Let τ(n) : N → N be a nondecreasing function, computable on
a RAM machine in time O(n2), and bounded by a polynomial in log2n. Let
0 ≤ δ < 1

2 be a constant. Assume there are constants a ≥ 2, b ≥ 1, and a RAM
machine CE over the algebraic numbers that solves the Condition Estimation
problem with error tolerance 2δw+τ(n), and

∀ε > 0,∃c > 0 such that TimeCE(n,w) < c · na+ε · wb+ε

Then there exists a RAM machine ZT over the algebraic numbers that solves
the Zero Testing problem, with

∀ε > 0,∃c > 0 such that TimeZT(n,w) < c · na+ε · wb+ε

As for Theorem 2, the proof follows closely Lemma 1 and Theorem 1. We list
below the modifications that are necessary in the algebraic reduction procedure:

At step 2 of Lemma 1, let σ be an integer constant greater than 1
1−2δ . Set

γ = 4σw + σwlog2n+ 2στ(3n)

When we form the matrix A, we perform 2n2 multiplications of algebraic num-
bers with the rational integer 2γ . At step 5 of the same Lemma, return YES if
and only if

E ≤ 2
3σ−1

2σ (w+γ)+τ(3n)

We check the correctness of this algorithm. The input to the condition estimator
was a 3n× 3n matrix with coefficients of height at most w+ γ, so the tolerance
is 2δ(w+γ)+τ(3n) and:

Case 1: If BC = 0, then ‖A−1‖max ≤ 2w+γ and hence,

E ≤ 2w+γ+δ(w+γ)+τ(3n)
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Using δ < σ−1
2σ , we obtain

E ≤ 2
3σ−1

2σ (w+γ)+τ(3n)

Case 2: If BC 6= 0, then ‖A−1‖max ≥ 2−2w−log2n+2γ and

E ≥ 2−2w−wlog2n+2γ−δ(w+γ)−τ(3n)

Replacing δ by σ−1
2σ ,

E ≥ 2−2w−wlog2n+2γ−σ−1
2σ (w+γ)−τ(3n)

Every possible value of E falls in at most one of those bounds, since

3σ − 1
2σ

(w + γ) + τ(3n) < −2w − wlog2n+ 2γ − σ − 1
2σ

(w + γ)− τ(3n)

Indeed, the terms in the last inequality can be rearranged to:

2τ(3n) +
(

4 + log2n−
1
σ

)
w <

γ

σ

Now we replace γ by 4σw+ σlog2n+ 2στ(3n) to obtain again, after cancel-
lation,

− 1
σ
w < 0

which is trivially true. The rest of the argument follows as for Theorem 2.

9.4 Real numbers

If we consider RAM machines defined over the real numbers, with unit cost, we
can still get a lower bound for the problem of computing exactly the Frobenius
norm of the inverse:

Theorem 4 In the RAM machine model over the reals with unit cost, comput-
ing ‖A−1‖2F exactly for 3n × 3n matrices costs at least as much as zero-testing
for n× n matrices, minus a multiple of n2.

Proof. In order to check BC = 0, we can set

A =

 I B
I C

I


and then compute explicitly

‖A−1‖2F = 3n+ ‖B‖2F + ‖C‖2F + ‖BC‖2F

Since we can compute ‖B‖2F and ‖C‖2F in time 4n2, we only have to solve
for ‖BC‖2F and check if it is zero. QED
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10 Other Condition Estimation Problems

We can apply the same technique to bound the complexity of other condition
estimation problems. Here are some examples.

Consider the following n + 1-by-n + 1 matrix, where T is n-by-n, upper
triangular and nonsingular:

S =
[

0 0
0 T

]
The left and right eigenvectors x and y corresponding to the simple eigenvalue
0 of S are just equal to the first column of the identity matrix. It is known
[18] that the condition number of x or y is just 1/‖T−1‖. Thus the cost of
estimating the condition number of an eigenvector of a (nonsymmetric) matrix
can be bounded below in terms of the cost of testing whether BC = 0 in the
same way as we can bound the cost of estimating the condition number for
solving Ax = b, setting

S =
[

0 0
0 T

]
=


0

I αB
I αC

I


The condition number of the mean of a subset of eigenvalues of a matrix

is equal to the norm of the associated spectral projector [18]. Consider the
3n-by-3n triangular matrix

Q =

 −I αB 0
0 αC

I


which has the spectral projector

P =

 0 0 α2

2 BC
0 0 αC
0 0 I


associated with the eigenvalues equal to 1. The norm of this spectral projector
has a similar form as ‖A−1‖max in Lemma 1. Thus one can similarly bound
below the cost of estimating ‖P‖max in terms of the cost of testing whether
BC = 0.

11 Conclusions and Open Problems

Under some technical assumptions, we have shown that computing even a very
coarse error bound for the solution of a triangular linear system of equations
(CE) costs at least as much as testing whether the product of two matrices is
zero (ZT).
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In Problem 16.2 of [5] it is asked whether ZT has the same complexity
exponent as that of matrix multiplication, under the algebraic model of com-
putation. (Actually, they ask the question about verifying AB = C, but this
latter problem can be reduced to zero testing without changing the complexity
exponent).

The same question makes sense in the RAM machine model with logarithmic
cost.

Question 1 Is Zero-Testing as hard as matrix multiplication in the RAM ma-
chine model over the integers with logarithmic cost ?

An affirmative answer would add the computation of approximate error
bounds to the list of linear algebra problems of equivalent complexity: ma-
trix multiplication, inversion, computing determinants, and LU decomposition
with or without pivoting.

The technical assumptions currently limit our Main Theorem to being true
for infinitely many different values of matrix dimension n and bit-size k. We
conjecture that this result is actually true for all sufficiently large values of n
and k.

Question 2 Does the Main Theorem hold for all large values of n and k, instead
of just ‘infinitely often’ ? Or does it hold for most n and k, in some sense ?

In order to prove an ‘everywhere’ version of the Main Theorem, it suffices
to show a homogeneity property either for the cost of either CE or ZT: The
cost of a problem of size (cn, ck) should be at most a constant times harder
than a problem of size (n, k), where c is an integer constant c ≥ 2. This
homogeneity property is demonstrable for matrix multiplication, inversion, etc.
but is not obvious for CE or ZT. It would follow if the cost of ZT is that of
matrix multiplication.

Question 3 Does the cost of ZT satisfy the homogeneity property in the sense
above ?

Question 4 Does the cost of CE satisfy the homogeneity property ?

The technical assumptions also limit the error tolerance to a function that
grows only in a certain way with size k, namely as 2δk+τ(n), for any 0 ≤ δ < 1

2 .

Question 5 What if we permit a “larger” tolerance, say just 2k/2? Does con-
dition estimation become cheaper?

An error of 2k/2 or even 2k may be acceptable in some circumstances.

Also, we assumed that a Condition Estimator must use all the input in a
non-trivial manner. Assuming the Condition Estimator operates only on unit
upper triangular matrices, and setting the tolerance to:

2
k
2
(
1 + 2k

)n−2
2
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then the Condition Estimator can disregard the input and answer always

2
k
2
(
1 + 2k

)n−2
2

Question 6 Is there a cheap Condition Estimator within a tolerance smaller

than 2
k
2
(
1 + 2k

)n−2
2 that does not need to read all of the input ?
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